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ABSTRACT
In order to better evaluate the applicability of the inverse analysis method for calculation and eval-
uation of hydraulic properties of unsaturated soil in more realistic conditions, a transient one – step
outflow experiment for layered sands was applied in the desaturation process with the purpose to
attain the profiles of suction, saturation and flow rate with time. In this study, the fine sand and
medium sand were used with the same thickness of 40cm for each layer. The sand grains were
mixed under water and scooped into the plexiglas column (H = 80cm, D = 28cm, wall thickness =
1cm) to prepare a fully saturated sample. For homogeneity within each sand layer, the density of
two sands must be controlled during soil column construction. For numerical study, the inverse
simulation and one straightforward calculation were carried out to determine the unsaturated hy-
draulic properties of sands. Unsaturated hydraulic parameters in the van Genuchten model were
estimated using soil suction measurements at 10cm intervals and an outflow rate at the bottom
of a layered sand column. To reduce the quantity of data for analysis and simulation but still keep
enough typical information for the experiment, four data sets of soil suction and saturation at four
locations (L2, L4, L5 and L8) were selected out of eight to compile the Soil Water Characteristic
Curve (SWCC). The comparison between predicted unsaturated hydraulic properties and the ex-
perimental unsaturated hydraulic properties shows good agreement in the case of the fine sand
was overlaid with medium sand. The results concluded that besides the homogeneous sand, the
inverse analysis based on the 1-D outflow experiment promises to be a useful method in determin-
ing the hydraulic properties for unsaturated heterogeneous sand.
Key words: unsaturated permeability, inverse problem, one-dimension column test, finite-
element method, soil heterogeneity

INTRODUCTION
The unsaturated hydraulic properties of soils are
very important in providing the essential knowledge
for solving many engineering problems in the geo-
engineering such as seepage, slope stability, bearing
capacity, consolidation and settlement, water con-
tamination, etc. The most traditional determinations
of unsaturated soil hydraulic properties require rela-
tively restrictive initial conditions and boundary con-
ditions, and thus can be time-consuming, laborious,
expensive and uncertainty for most practical appli-
cations1. To simplify and reduce the calculations of
unsaturated hydraulic functions for soils, in general
cases, the soils can be assumed as homogeneous soils.
However, almost field soils are inherently heteroge-
neous, and idealized conditions of homogeneity are
rarely encountered in nature (not to say that homo-
geneity in all aspects never occurs, in reality), even
soils carefully prepared in a laboratory are not per-
fect homogeneity. Therefore, the values of hydraulic
properties of unsaturated heterogeneous soils inmany

cases are more appropriate for solving many engi-
neering problems. Accordingly, finding out a good
method to determine accurately the hydraulic prop-
erties of unsaturated layered soils with the real condi-
tions are not easy but necessary.
The determination of hydraulic conductivity for un-
saturated homogeneous soils is an inherently compli-
cated problem, so the determination of hydraulic con-
ductivity for unsaturated heterogeneous soils is obvi-
ously more and more complex problem. Nowadays,
two common approaches are usually used to deter-
mine and describe the unsaturated hydraulic proper-
ties in heterogeneous soils 2,3.
The first approach assumes the heterogeneous sys-
tem is replaced by an equivalent (effective) homo-
geneous media. In this case, the unsaturated hy-
draulic properties for equivalent homogeneous soil
can be calculated by using the indirect methods de-
veloped for homogeneous media such as pedotrans-
fer functions4, used texture for calculating hydraulic
properties; Scaling techniques5, given the reasonable
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scale for formulated model to describe the move-
ment of water in unsaturated soils; Multimodal wa-
ter retention curves6, developed a modified water re-
tention model to describe the water retention curve
(WRC) of soils with multimodal pore systems; In-
verse analysis7–10, used numerical method with in-
put data from experiment to estimate the unsaturated
hydraulic properties; and Averaging method 11, pro-
posed the averaging schemes for computing hydraulic
conductivity between two adjacent nodes of the com-
putational grid. Due to soil heterogeneity, the hy-
draulic properties do not remain uniform andmodels
based on this assumption give poor results 12.
The second approach estimates the hydraulic proper-
ties of the specific layer in unsaturated heterogeneous
soils to establish a detailed deterministic model. In
this way, the soil within layers is assumed homoge-
neous soil. In other words, although there are the
variances of suction, saturation, void ratio, etc., in
a layer, the heterogeneity within layers is ignored.
There are some researches had been used to deter-
mine the unsaturated hydraulic properties following
the second approach, such as: Laboratory study 13,
analyzed unsaturated flow of water moving steadily
through an isothermal two-layer soil using Darcy’s
equation Fixed Gradient Models 14, used to model
drainage from unsaturated layered soils Numerical
analysis 15, developed an useful algorithm to estimate
the interlayer hydraulic conductivity for unsaturated
layered soils; Multiphase flow experiments and image
analysis technique 16, conducted to investigate the ef-
fect of textural interfaces on water pressure and non-
aqueous phase liquid pressure and estimate the sat-
uration distribution during infiltration and drainage.
This approach was applied to nearer real conditions
than the first approach. However, to find a faster,
more accurate and more realistic calculation method
is always the aim of the researchers.
In this study, the second approach was applied com-
bined with inverse analysis. In order to apply this
approach, the hydraulic parameters for the specific
soil layer must be determined. In a layered medium,
the number of parameters increases proportionally
with the number of layers and require too much data
and computational effort 17. Recently, ecause of ma-
jor advances in computational techniques and com-
puter power, the possible technique for obtaining
these effective values is to conduct an inverse method,
e.g., by minimizing the differences between the val-
ues predicted by the homogeneous equation and ob-
served values. The successful application of the in-
verse modeling technique for determining the unsat-
urated soil properties improves both speed and accu-
racy, and promise to be the dominated technique for

solving the problems in geotechnical engineering par-
ticularly, engineering and physical sciences generally.
The previous research had focused on the applicabil-
ity of the inverse analysismethod for determination of
unsaturated soil hydraulic properties of flow through
homogeneous porous media using one-dimension
outflow experiment 18. For the further research, the
objectives of this study are: to evaluate the appli-
cability of an inverse analysis for estimating the hy-
draulic properties for unsaturated layered sands from
1-D outflow experiment; to consider the performance
of independent forward simulation using existing hy-
draulic parameters of two types of sand obtained from
the previous experiments for a single layer system.

MATERIALS ANDMETHODS
Materials
In this study, the laboratory experiment of vertical
drain for layered sand column, which consisted of two
sands, was described. Two sands used for the exper-
iments in this chapter were medium sand and fine
sand. The properties of two sands are shown in Ta-
ble 1.
The properties shown in Table 1 reveal that two sands
are classified as poor grade sand (Cu < 6 and Cc < 1
or Cc > 3; ASTM D-2487). In other words, the sands
used in the present study are very uniform.
The SWCC references of two sands obtained from
independent experiments for column sand in 1-D
outflow condition, one from the previous study for
medium sand 18, another from the similar experiment
for fine sand, are shown in Figure 1. In which, the hy-
draulic parameters of medium sand and fine sand are
P0m = 1.29 and λ m = 0.882; P0 f = 3.32 and λ f = 0.889,
respectively.

Experimental method
The same Plexiglas column in previous research was
also used to conduct drainage test and was attached
with eight tensiometers and eight electrical resistivity
probes (ERP) along the sample (Figure 2 a and Fig-
ure 2 b). The base of column overlaid on fine mesh
with the mesh size number of 200. This mesh rested
on an acrylic plate with honeycomb shape of 8mm
circular holes. A tipping bucket funnel was placed
right beneath the acrylic plate and connected to the
burette, which can change the water table in the soil
column by change the free outflow level of water in
the burette 18,19.
To easily pack and unpack soil column, the Plexi-
glas column was separated into individual sections.
These sections can be connected to each other using
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Table 1: The properties of medium sand and fine sand

Sample Specific grav-
ity
(Gs)

Coefficient of
uniformity
(Cu)

Coefficient of
gradation
(Cc)

Median grain
size
D50 (mm)

Maximum
void ratios
(emax)

Minimum void
ratios
(emin)

Medium
sand

2.66 1.65 0.94 0.55 0.99 0.60

Fine sand 2.7 1.73 0.98 0.18 1.22 0.73

Figure 1: The drying SWCC of medium sand and fine sand determined from independent experiments.

screws with an O-ring seal placed within a groove in
the base of every section to prevent water from leak-
ing out between sections. Eight sampling ports hav-
ing the same elevation and diameter with tensiometer
and ERP ports were made along the height of the soil
column. At the end of the experiment, the small sam-
ples of sands can be extracted through these sampling
ports easily and used for gravimetric water content
analysis to make sure that the water content (degree
of saturation) values get from ERPs is reliable.
The degree of saturation of soil at different locations
in soil column and different times during draining
test was calculated by using calibration curves, which
were built with exponents were fitted using Archie’s
law (Equation 1) 20. As the results of independent ex-
periments, the fitting exponents of calibration curves

for medium sand and fine sand are mm = 1.32, nam

= 1.57 and m f = 1.68, na f = 1.93, respectively (Fig-
ure 3).

Sw =

(
ρwn−m

ρ

) 1
na (1)

where Sw is degree of saturation, m and na are the
Archie exponent, n is the porosity of soil, ρ is soil re-
sistivity, and ρw is resistivity of water.
The sand grains were slurry packed (filling the col-
umn with water and then slowly pouring or sprin-
kling dry sand into the column) into the column to
prepare a fully saturated sample 21. The density of
two sandsmust be controlled during soil column con-
struction. The temperature in the laboratory was
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Figure 2: (A) The schematic diagram of column test; (B) The laboratory test for layered system

Figure 3: Calibration relationship between electrical resistivity and saturation for: solid-line for medium sand;
dash-line for fine sand.
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maintained at 200C to prevent a change in water-air
surface tension 22.
In the study, only one-step outflow experiment was
conducted for the experiment. Therefore, in the ex-
periment, outflow was maintained at the bottom level
of the column during the test. Time intervals formea-
suring the soil suction, soil resistivity and cumula-
tive outflow were around 10s, which make sure that
the quick change of soil suction, soil resistivity and
outflow rate can be recorded with an equal temporal
resolution 1.

Numerical method
The inverse analysis consists of the identification of
parameters in models for these coefficients. The in-
verse calculation was carried out using two computer
models, one for forward flow modeling and the other
for nonlinear optimization.

Forwardmodeling
The one-dimension water balance equation, well-
known Richards’ equation, was used to describe the
1-D water flow in the soil sample:

∂
∂ t

[ρw
l ϕSl ]+∇

∼
.

[
ρw

l q
∼l

]
= 0 (2)

where q
∼l

=−k
(

∂h
∂ z −1

)
, ϕ is the porosity of the soil,

Sl is saturation of liquid water, ρw
l is mass of water

per unit volume in the liquid phases, q
∼l

is the liquid

flow flux in liquid phase, k is the hydraulic conductiv-
ity, h is the pressure head, and z is the depth which is
positive upward from the sample bottom.
The soil water retention curve and unsaturated hy-
draulic conductivity function can be described by var-
ious expressions. However, with the good results in
determination of unsaturated hydraulic properties for
the homogeneous sand column were shown in the
previous study, for convenience, the parametric form
of vanGenuchtenmodel (1980) is applied again to de-
scribe the SWCC and unsaturated relative hydraulic
conductivity for layered sands in this chapter18,23.

Nonlinear optimization
A non-linear optimization method used to minimize
the objective function was L2 error norm, which
expresses the difference between observed and pre-
dicted data by using the least–square solution for the
parameters in van Genuchten’s equation 18,24.
In the inverse analysis, when many measurements are
available, the system of equation can be expressed:

y
−
= h

=
.x
−
⇔ y0

−
+△y

−
= h

=

(
x0
−
+△x

−

)
(3)

where x
−
are unknown soil properties, h

=
is the trans-

formation matrix which is hi j = ∂ yi/∂x j..
The error for the measurements is established be-
tween measured value y

−
<m> (saturation, pressure

head, outflow, displacements, stresses, etc.) and pre-
dicted value y

−

e =W
=

(
y
−
<m>− y

−

)
=W

=

[
y
−
<m>−

(
y0
−
+△y

−

)] (4)

Therefore, the objective function (Γ) to be minimized
becomes:

Γ = e
−

T .e
−

=

[
W
=
.y
−
<m>−W

=
.h
=
.x0
−
−W

=
.h
=
.△x

]T

×
[
W
=
.y
−
<m>−W

=
.h
=
.x0
−
−W

=
.h
=
.△x

] (5)

where x0
−

is the initial guess of unknown variables,

y
−
<m> is the measurement data and W

=
is the weight

factor (where Wi j = weight value, Wi j = 0 for i ̸≡ j).
In the optimization process, the minimization ap-
proach for the objective function and the sensitivity
analysis are embedded into a multilevel algorithm.
Minimization starts with the initial guess following
van Genuchten parameters P0 and λ . The values of
initial guess parameters are repeatedly updated until
a certain stopping criterion is satisfied, or the conver-
gence criterion is achieved. At each step, the initial
parameter values for the minimization are set by the
result of the previous step to the new parameteriza-
tion.

RESULTS
To reduce the quantity of data for analysis and sim-
ulation but still keep enough typical information for
the experiment, the data at four locations of L2, L4, L5
and L8 was selected out of eight locations to perform,
compile the SWCC and use as input data for simula-
tion.

Experimental results
Similar to any previous one-step outflow experiments
for grain soils under gravitational forces, the cumula-
tive outflow and discharge rate also show rapid change
during the short time after the beginning of testing be-
cause of the highest hydraulic gradient at initial test-
ing. The cumulative outflowwith time shows the steep
slope during 50 min right after starting the test, and
stopped flowing after 17 h with total outflow Q≈ 15.4
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cm (Figure 4 a). The discharge rate reaches the high-
est value of 0.023 cm/s at some seconds after begin-
ning of the experiment. The discharge rate decreases
corresponding to hydraulic pressure and was nearly
constant after 250 min (Figure 4 b).
In the independent experiments for fine and medium
sands, the deformations of sands resulting from a
change in loading or consolidation occurred im-
mediately and were relatively small. Therefore, in
this study, the void ratio of sands can be consid-
ered constant when evaluating unsaturated hydraulic
properties 18,25.
Immediately, after opening the bottom valve to allow
free drainage, the lower end of the fine sand column
was exposed to atmospheric pressure, and soil is al-
lowed to drain by gravity at that moment, hence the
pore water pressure started to drop at every location
in the sand column (Figure 5 a). As shown in Figure 5
b, the distribution of pore water pressure for experi-
ment was not hydrostatic at end of experiment (t = 3.0
d).
Water drainage of the saturated models was initiated
at time t = 0. Figure 6 shows the vertical water satu-
ration profiles measured by the ERP and calibration
curve (Figure. 3). The saturation time series inferred
from the four ERPs are shown in Figure. 6a. At the
beginning of testing, the moisture content in the col-
umn was uniformly equal to 99%. The soil satura-
tion at different locations started to decrease only af-
ter the pore water pressure at those locations reached
to neighboring value of air-entry values or when the
capillary fringe passes through the profile.
The data shown in Figure 5 a and Figure 6 a may
be further interpreted using isochrones of pore wa-
ter pressure and degree of saturation with height in
the sand column, shown in Figure 5 b and Figure 6 b.
The data in Figure 5 b and 6b show how the pore wa-
ter pressure and degree of saturation gradually change
vertically downward through the profile. Since bot-
tom layer is fine sand, the capillary fringe laid higher
than locations of L1, L2 and L3. Therefore, the sand
at those locations remained saturated. The location
L4 laid right above capillary saturation zone, thus soil
there maintained a high degree of saturation during
the tests, and all collected data were plotted near the
saturation region. The water saturation at L5 and L8
became the constant value of 14 - 16% (Figure 5 and
Figure 6).

Numerical results
According to the results in the previous research 18,
for convenience and to reduce the iteration step, the

initial guess following van Genuchten parameters for
medium sand and fine sand were: P0m = 1.4 and λm
= 0.8 P0 f = 3.0 and λ f = 0.8, respectively. Two un-
known parameters in the van Genuchten model, P0

and λ , were determined by solving iteratively the gen-
eral flow equation, updating the values of the parame-
ters until the solution agrees with measured data. Af-
ter 8 iterations, inversion results converged to P0m =
1.61 and λm = 0.92 for medium sand and fine sand,
respectively.
Figure 7 show the evolution of discharge rate with
time from the experimental observations and repro-
duced numerical results. The predicted value of dis-
charge rate calculated using assessed hydraulic pa-
rameters produced a good agreement with experi-
mental observations, although there exist differences
right after beginning of testing (Figure 7).
The comparison between predicted data and mea-
sured data of pore water pressure shows good agree-
ment (RMSE = 0.006, Figure 8). This Figure indicates
that at the location of L2 and L4, the predicted values
of pore water pressure were higher than the measured
values of pore water pressure only after around 10 –
20 min. However, at location of L5 and L8, the pre-
dicted values of pore water pressure taken long time
(after 40 – 50 h) to be higher measured values of pore
water pressure.
The Figure 9 a shows how good comparison between
predicted data and measured data of soil saturation.
The collective values with time at the same location of
both soil saturation and pore-water pressure can be
compiled into the SWCC (Figure 9). The difference
of pore system between the lower part and the upper
part in soil column and dramatic changes of pore wa-
ter pressure at bottom of soil column cause the hys-
teresis at L2, L4 and L5 (Figure 9). However, because
the upper part has higher hydraulic conductivity than
the lower part, the hysteresis at L2, L4 and L5 is rel-
ative small. The water front rapidly dropped down
at the beginning of testing, the lack of soil saturation
data at some locations near the soil surface therefore
can be happen, so using the multi-step outflow exper-
iment can help cover the full range of the SWCC plot.
The finite element and inverse analysis contain the
sums of squared deviations between measured and
simulated hydraulic properties. The comparison was
conducted by computing the root mean square error
(RMSE) frompredicted and observed soil suction and
soil saturation values using equation:

RMSE =

√√√√√ N

∑
i=1

(
ym

i − yp
i
)2

N

(6)
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Figure 4: (A) Cumulative outflow with time; (B) Discharge rate with time.

Figure 5: (A) Pore-water pressure with time at different heights in the sand column; (B) Pore-water pressure head
profile in the sand column.

Figure 6: (A) Water saturation with time obtained at different heights in sand column; (B) Water saturation profile
with height in sand column.
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Figure 7: Comparison between predicted and measured outflow rate.

where ym
i represents experimental measurements, yp

i
denotes predicted values using estimated soil proper-
ties such as pore-water pressure, degree of saturation
and flow rate and N is total number of measurements.
The Table 2 shows the accuracy of the fitting in com-
parison between the measured values and modeled
values. The hysteresis phenomenon and narrow range
of saturation contributed to the error in the evalua-
tion of hydraulic properties, which can be provedwith
high values of RMSE at L4 and L5 (Table 2, Figure 8,
Figure 9 a).

CONCLUSIONS
Since the inverse analysis was becoming a useful tool
to determine the unsaturated hydraulic conductivity
for homogeneous soil profile, many problems in Geo-
science related to the unsaturated hydraulic param-
eters for heterogeneous soil profiles also have been
considered because of the high similar condition of
these problems with real site condition. Although
many attempt have been made to determine the soil
hydraulic parameters for heterogeneous soil profiles
using inverse analysis, there is not yet satisfied affir-
mation in comparisonwithmeasured hydraulic prop-

erties of unsaturated soils. For the present study,
inverse analysis was applied to identify the unsatu-
rated hydraulic function in the Richards’ equation and
van Genuchten model using outflow rate and suction,
which were obtained from one-step outflow experi-
ment for the layered sand column, at specific depths
over time. Subsequently, the SWCC data given from
combining measured soil suction and degree of satu-
ration were compared with model predictions.
Theweight factor and initial guessed values donot sig-
nificantly affect the final identified parameters. How-
ever, with reasonable weight and initial guessed val-
ues, the calculation time will be faster and the final
identified parameters will be more reliable.
With the same initial guessed values as the previous
study 18, the computed values for the layered sands
converge faster than the homogeneous sand (8 itera-
tive steps in this study vs 10 iterative steps in the previ-
ous study). This reason can be explained by the small
ranges of water saturation and suction used as input
data is small in the fine sand layer.
Application of the inverse analysis method to deter-
mine the unsaturated hydraulic properties for lay-
ered sand column has shown good results in compar-
ison with the measurements. Therefore, the inversion
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Figure 8: Comparison between predicted and measured pore water pressure at location of L2, L4, L5 and L8.

Table 2: RMSE from predicted andmeasured data in time domain.

pore-water pressure (kPa) Saturation

Location L2 L4 L5 L8 L2 L4 L5 L8

RMSE 0.263 0.688 0.436 0.335 0.007 0.061 0.042 0.036

Average 0.476 0.283 0.034 0.039

analysis of a 1-D de-saturation column test could be a
good indirectmethod to evaluate hydraulic properties
of unsaturated layered sands.
Overall, in spite of a small difference in the compari-
son between measured and predicted data of inverse
analysis applied for soil profiles which have hetero-
geneous hydraulic properties, a further investigation
should be extended with consideration of the high
hysteresis and capillary barrier conditions in deter-
mining the unsaturated hydraulic properties of soils
at both laboratory and in situ scale.
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TÓM TẮT
Nhằm đánh giá tốt hơn khả năng ứng dụng của phương pháp phân tích ngược trong tính toán
và đánh giá các đặc tính thủy lực của đất không bão hòa trong điều kiện gần thực tế hơn, một thí
nghiệm thoát nước cho cát phân lớp đã được áp dụng trong điều kiện tháo khô với mục đích có
được các thông tin về lực hút, độ bão hòa và lưu lượng thoát nước theo thời gian. Trong nghiên
cứu này, cát mịn và cát trung bình được đưa vào sử dụng với độ dày là 40cm cho mỗi lớp cát. Các
hạt cát được rót vào trong cột plexiglas trong suốt chứa nước (H = 80cm, D = 28cm, chiều dày
thành = 1 cm) nhằm chuẩn bị được mẫu bão hòa hoàn toàn. Để đảm bảo tính đồng nhất trong
mỗi lớp cát, độ chặt của hai lớp cát phải được kiểm soát trong suốt quá trình tạo mẫu thí nghiệm.
Đối với nghiên cứu số, Sử dụng phương pháp phân tích ngược và tính trực tiếp để xác định đặc
tính thủy lực của cát chưa bão hòa. Những tham số thủy lực chưa bão hòa trong mô hình van
Genuchten được tính toán bằng cách sử dụng lực hút đo được tại mỗi độ cao cách nhau 10cm
và lưu lượng nước thoát ra tại đáy của cột cát phân lớp. Nhằm giảm số lượng dữ liệu phân tích và
tính toán nhưng vẫn giữ đủ thông tin điển hình cho thí nghiệm, bốn bộ dữ liệu về lực hút và độ
bão hòa của đất tại bốn vị trí (L2, L4, L5 và L8) trong tổng số tám vị trí đã được chọn ra để xây dựng
đường cong đặc trưng nước đất. So sánh giữa các đặc tính thủy lực từ mô phỏng và từ thí nghiệm
cho kết quả tốt trong trường hợp cát mịn nằm phía dưới cát trung bình. Kết quả cũng cho thấy
rằng bên cạnh cát đồng nhất, phương pháp phân tích ngược dựa trên thí nghiệm thoát nước một
chiều hứa hẹn là một phương pháp hữu ích trong việc xác định các đặc tính thủy lực cho cát phân
lớp chưa bão hòa.
Từ khoá: tính thấm không bão hòa, bài toán ngược, thí nghiệm trụ một chiều, phương pháp
phần tử hữu hạn, đất không đồng nhất
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